The first part of the paper summarizes various aspects of the prediction of concrete creep and shrinkage to be discussed in the conference lecture. They include the theories of physical mechanism, prediction models, constitutive equations, computational approaches, probabilistic aspects, and research directions. The second part then presents two new prediction models. One of them deals with the approximate prediction formulae for pore relative humidity distributions, required for realistic creep and shrinkage analysis, and the other deals with the extrapolation of short time measurements of creep and shrinkage into long times.
Introduction
A long time has elapsed since the first observations of concrete shrinkage in the previous century and the discovery of concrete creep in 1907 by Hatt (RILEM Recommendation, 1998) . Much research has been devoted to this complex problem ever since. However, despite major successes, the phenomenon of creep and shrinkage is still far from being fully understood, even though is has occupied some of the best minds in the field on cement and concrete research and materials science -Glanville, Dischinger, Troxell et al. (1958) , Pickett, McHenry, L'Hermite et al. (1965) , Arutyunian, Aleksandrovskii (1959) , Powers, Hansen and Mattock (1966) , Rü sch, Neville et al., (1983) , Trost, Dilger, Wittman, Hilsdorf, Mü ller, Huet, Carol, to name but a few (RILEM TC-69, 1988a ). The present lecture will attempt to review the highlights of the past successes, explain some basic physical mechanisms and mathematical concepts, appraise our current capabilities and suggest some profitable future research directions and applications. Due to time and space limitations, the review will be far from exhaustive. Also, it will be flavored by the orientation of previous studies at the writer's institution.
The present brief paper 1 will give in the first part a brief summary of the main points, as seen by the writer. In the second part, one new and one recent mathematical developments will be presented in some detail.
Review of basic results and issues
Correct mathematical prediction of concrete creep and shrinkage inevitably requires understanding of the physical mechanism. It is generally accepted that drying shrinkage is caused by capillary tension, solid surface tension, and withdrawal of hindered adsorbed water and interlayer water from cement gel. Further shrinkage, called autogeneous, is also produced by chemical volume changes (which could be negative, i.e. expansive) and self-desiccation. As for creep, many mechanisms causing creep or influencing it have been proposed and studied: 1. Plastic flow. 2. Consolidation theory. 3. Load-bearing hindered adsorbed water. 4. Bond breakage in slip and its reformation. 5. Nonlinear deformations and cracking as a contribution to Pickett effect. 6. Solidification theory for short-term aging (Bažant and Prasannan, 1989) . 7. Microprestress of creep sites in cement gel microstructure, causing the Pickett effect and long-term aging (Bažant et al., 1997) .
As it turned out, the last two suffice to explain most if not all the basic experimental evidence.
The early mathematical models were formulated with a view to facilitate structural analysis. But computers made it possible to use any type of model, and thus the recent modeling could focus on representing the experimental data as closely as possible. The following prediction models (RILEM TC-69, 1988a ) have been proposed, although those numbered 1 -3 have been superseded by newer ones:
1. Dichinger-Glanville theory, or rate-of-creep model (or theory of aging). 2. Updated Dischinger model or rate-of-flow model. 3. Arutyunian-Maslov model. 4. Double power law and log-double power law for basic creep. 5. BP and BPKX models and, as the latest version, the B3 model. The first three models attempt a certain simplification of structural analysis. In this regard, the simplest methods to use are:
Effective modulus method (much simpler than Dischinger methods yet not involving a larger error). Age-adjusted effective modulus method (AAEM). Formulation of a comprehensive prediction model is a very difficult task. In view of the limited knowledge we possess, the problem of model formulation does not have a unique answer. Probably different models can describe the current knowledge equally well. However, they cannot be very different because a model acceptable today must not only fit the existing data (Mü ller, RILEM data bank), but should also conform to the mathematical consequences of several well established physical phenomena, including: 1. Activation energy theory of bond ruptures (temperature dependence of aging and of creep viscosities). 2. Diffusion theory, particularly its simple asymptotic properties for initial and final drying or shrinkage. 3. Modeling of cracking due to residual stresses in the cross section as a mechanism of apparent shrinkage reduction. 4. Solidification theory, particularly the fact that aging is only an apparent feature and must be caused by solidification-deposition of unstressed layers of hydration products on the pore walls. 5. Microprestress, which causes additional apparent long-term aging that cannot be explained by volume growth of hydration products. 6. Effect of fracture growth on apparent creep (the nonlinear part of creep is probably noth-ing but the effect of time-dependent crack growth). In detail, see RILEM TC-107 (1995) Guidelines.
Aside from aging, the most difficult aspect of creep is the humidity variation, particularly the drying creep effect, also called the Pickett effect. A number of mathematical models have been proposed to describe it: 1. Pickett's model with creep nonlinearity. 2. Microdiffusion of hindered adsorbed or interlayer water and changes of disjoining pressure (manifested as stress-induced shrinkage). 3. Shrinkage reduction due to tensile cracking (Wittmann in the 1970s; Bažant and Xi, 1974; Alvaredo and Wittmann, 1993) or by tensile strain softening (Bažant and Wu, 1974) . 4. Microprestress of highly localized creep sites in cement gel caused by humidity (and temperature) changes. Combination of the last two appears to provide the proper predictive model.
Among prediction models one must distinguish: True constitutive equations, describing the behavior of a small representative volume of concrete, and Models for the approximate overall (mean) behavior of the cross section of a long member. The latter models are inevitably much more complicated in their form, because they must also characterize the solution of the boundary value problem of evolution of humidity distributions, residual stresses and cracking. However, the former models are much more difficult to identify from test data because their fitting to data involves an inverse boundary layer problem.
With the availability of finite element programs, the practice should shift from models for cross section behavior to the direct use of constitutive equation. This of course means splitting the cross section into a number of finite elements. Only this approach can satisfy the hope for good predictions.
Computational approaches of various types (e.g. Bažant, 1994 Bažant, , 1995 RILEM Recommendation, 1998 ) have been developed: 1. One-step approximate solutions using the ageadjusted effective modulus method.
2.
Step-by-step solution according to the integral-type creep model based on the principle of superposition. 3.
Step-by-step solution according to a rate-type creep model based on the Kelvin or Maxwell chain.
The last approach gives the most realistic results, because only the rate-type model allows physically sound incorporation of the effects of varying pore humidity and temperature on creep and aging.
Considerable strides have been made in the probabilistic modeling, which is very important because of high statistical variability, and in micromechanics of the effect of concrete composition on creep and shrinkage (e.g. Granger and Bažant, 1995; Baweja et al., 1998) . Nevertheless, the best way to achieve good long-time predictions is to conduct short-time tests on the given concrete and then extrapolate them (preferebly statistically, in a Bayesian manner) on the basis of a good prediction model incorporating as much as possible of the physics of creep.
For future research, the following avenues seem most promising and important: 1. Updating of long-term predictions on the basis of short-time measurements, with the use of probabilistic concepts. 2. Incorporating into structural analysis the solutions of pore humidity and temperature distributions in the cross section. 3. Mastering the interaction of creep with fracture (Bažant, 1993 (Bažant, , 1995 . 4. Micromechanical modeling and use of composite material theories for predicting creep and shrinkage from the properties of constituents. 5. Improved thermodynamical theory for the effects of pore water and temperature. 6. Nonlinear triaxial creep at high stress, especially taking into account time-dependent fracture and damage growth. 7. Improved, physically-based, probabilistic modeling of creep and shrinkage. 8. Creep and shrinkage of high strength and special concretes. 9. The means to reduce shrinkage and, for some applications, creep (the stress relaxation due to creep is sometimes beneficial).
Two new mathematical models

Study of explicit approximate formulae for predicting pore humidity distributions
Realistic prediction of the effects of creep and shrinkage in concrete structures exposed to drying environment requires the calculation of the distributions of relative humidity in the pores of concrete at various times. Although it is not difficult to solve the problem numerically by finite difference or finite element solutions of the nonlinear diffusion equation for concrete drying (e.g. Bažant and Najjar, 1972; Xi et al., 1996; RILEM TC-69, 1988; Bažant and Raftshol, 1982; , simple explicit formulas are desired by structural analysts.
One very simple formula was presented by Parrott (1991) . However a close examination shows that this formula may be oversimplified. It was compared only to a rather limited set of data, and does not agree well with the broader experimental evidence (for example that used in Bažant and Najjar, 1972; Xi et al., 1995) . Besides, this formula does not conform to the asymptotic behavior for very short and very long times, which should be easy to satisfy by an explicit formula. Furthermore, since the water loss is approximately proportional to the drop in the average relative humidity in the pores, and the drying shrinkage is approximately proportional to the water loss, the average humidity obtained from the formula should evolve in time similarly as shrinkage, for which plentiful data are available and a rather accurate prediction model has been developed Baweja, 1995a,b,c, 2000) .
At Northwestern University, in a study yet unpublished, Z.P. Bažant and M.T. Kazemi (Visiting Scholar on leave from Sharif University of Technology, Tehran) developed an improved simple formulation that exhibits correct asymptotic behaviors, agrees better with the measurements of pore relative humidity, and also agrees better with the shrinkage prediction formula. Although calibration by Kazemi is still in progress, a preliminary form of this formulation will be briefly outlined in this section.
We limit attention to a drying process that may be approximately considered as one-dimensional in space. The cross section may be that of a wall limited by two parallel planes. As an approximation, rectangular or square cross sections, as well as a cube and prism can be treated similarly, using cylindrical or spherical coordinates.
The average relative humidity in the pores is defined as:
in which t, time and D, thickness of cross section. Because the change of average humidity is approximately proportional to the average shrinkage in the cross section, the shrinkage prediction formula in indicates that:
in which h 0 , initial relative humidity in the pores, assumed to be uniform (usually between 95 and 100%); h e , environmental relative humidity; m sh , average shrinkage strain in the cross section; m sh , final value of shrinkage strain corresponding to h e ; w 0 , initial specific evaporable water content in concrete; w , average specific water content; w , final water loss corresponding to h e ; and t 0 , initial time at the start of exposure to drying environment; t− t 0 = duration of drying;~s h , shrinkage or drying half-time, which is expressed as:
Here D is generally defined as the effective cross section thickness, D= 26/s, where 6 and s are the volume and the surface of the structural member. D must be given in inches, and t, t 0 in days. The parameter k t can be predicted from the empirical expressions k t = 190.8t 0 − 0.08
in which f % c is the average uniaxial compression strength which must be given in psi.
The tangent-hyperbolic function in Eq. (2) (Fig.  1 right) satisfies two basic asymptotic properties, which are exhibited by the solutions of the nonlinear diffusion equation (Bažant and Kim, 1991a,b) :
for t − t 0 ~s h :
Thus, the function tanh is justified as a simple interpolation between these two opposite asymptotic behaviors. There are other functions that can match these asymptotic behaviors, but they are more complicated. The pore humidity distributions at various times can be approximately assumed as power curves, given by the expression:
(see Fig. 1 ); k, empirical constant. For linear diffusion theory, the profiles can be closely approximated as parabolas, in which case k= 2. Due to the nonlinearity of diffusion in concrete, consisting primarily in the fact that the diffusivity greatly decreases with the decrease of humidity (about 20 times as the humidity drops from 0.95 to 0.7), the optimum value of exponent k \ 2. Usually the best fit is obtained for k= 3 or 4. Parameter l represents the depth of penetration of the drying front. After the drying fronts from the opposite surfaces meet, l= D/2= constant and parameter h c represents the pore humidity in the center of the thickness of the cross section. Before that, h c represents also the humidity at the front of drying, i.e. h c = h 0 .
As is well known from exact diffusion solutions, the drying process can be divided in two stages: during the first stage, the drying front advances, which continues until the drying fronts meet in the center of the cross section. During that stage, the humidity profiles are scaled horizontally, i.e. are being transformed by affinity in the horizontal direction with respect to a vertical axis on the surface (Fig. 1 left) . During the second stage, the humidity profiles are being scaled down, transformed by affinity in the vertical direction with respect to a horizontal axis (see Fig. 1 middle) .
To obtain an expression for parameters l(t) and h c (t), we may substitute (5) into the averaging integral 1, and match the result to the average humidity obtained from Eq. (2). After various algebraic rearrangements, one obtains the formulas in the following algorithm for predicting the pore humidity distributions at various times t.
2. If l(t)5D/2, go to 5 (8)
4. h c (t)= h e + 1+ 1 k
5. Evaluate h(x, t) from (5).
Impro6ements of long-term creep and shrinkage prediction based on short-time measurements
Close prediction of the future creep and shrinkage is impossible without short-time measurements on the given concrete. Since this is a very important problem, a recently published model taking into account the coupling with water diffusion will now be described. significant effect on creep and shrinkage of concrete. Empirical formulas for the effects of all these ingredients on the model parameters would be very difficult to formulate because of the great variety of additives and different combinations used. Compared to other models, including the original BP Model, the solidification theory which is the basis of the present model has the advantage that the adjusted values of model parameters except C 0 can be easily obtained by linear regression of the short-time test data.
To illustrate the procedure, consider now the data for creep at drying by L' Hermite et al. (1965)and Mamillan (1970) , for which the present formulae for the effect of composition and strength do not give a good prediction, as is apparent from Fig. 2 . We now pretend we know only the first 5 data points for the first 28 days of creep duration, which are shown by the solid circles. We consider the updated compliance function in the form:
in which p 1 and p 2 have the role of updated parameters q 1 and q 2 , and
This function is evaluated according to the model, using the formulae for the effect of composition parameters and strength. If the data agreed with the form of the present model B3 exactly, the plot of J (t, t%) 
and p 1 = J( − p 2 F ( where subscripts i = 1, 2, … n (Equation 7, pp. 359, and 15, pp. 363, in Bažant and Baweja 1995) is that all the free parameters for creep with elastic deformation, that is, q 1 , q 2 , q 3 , q 4 , q 5 , are contained in the formulas linearly. Therefore, linear regression based on the least-square method can be used to identify these parameters from test data, so as to minimize the value of the coefficient of variation of the deviations of model prediction from the available data points, 2 all . The linearity also applies to parameter m sh for shrinkage. Thus the only nonlinear parameter of the entire formulation is the shrinkage half-time~s h .
An important advantage of the B3 Model compliance function J(t, t%)
The largest source of uncertainty of creep and shrinkage prediction model is the dependence of model parameters on the composition and design strength of concrete. This uncertainty can be greatly reduced by carrying out short-time measurements on the given concrete and adjusting the values of the same model parameters accordingly. Carrying out measurements of at least short-time creep and shrinkage (of duration 1 -3 months) is important especially for special concretes such as high strength concretes. Various types of admixtures, superplasticizers and pozzolanic ingredients used in these concretes have been found to have a label the known data points, n is their total number, F = F(t, t%), J= J(t, t%), J( is the mean value of all the measured J and F ( , is the mean value of all the corresponding F. Obviously, the improvement of long-time predictions achieved by shorttime measurements is in this example very significant. The well-known formulae of linear regression also yield the coefficients of variation of p 1 and p 2 , which in turn provide the coefficient of variations of J(t, t%) for any given t and t%.
For planning of short-time creep measurements, note that prediction improvement based on short-time data is more successful if the creep measurements begin at very short times after loading (and likewise for shrinkage, if the measurements begin immediately after the stripping of the mold). The reason is that the creep curves are known to be smooth through the entire range from 0.0001 s to 30 years. In our example, the first reading was taken as late as 1 day after loading, as is often done, and therefore we needed up to 28 days of creep data for prediction improvement. In a similar example using a different formulation it was shown that if the first reading is taken as soon as possible after loading (within 1 min) and about six readings are taken in the first 2 days of load duration a similar improvement can be achieved using those readings only. Thus the duration of short time test could be reduced if readings are begun immediately after loading. Anyhow, for reliable prediction over five years of creep duration, short-time tests of at least 28 days duration (with the first reading immediately after loading and further readings equally spaced on the logarithmic scale for creep duration in hours) are recommended.
The shrinkage predictions, too, can be improved on the basis of the measurements of the given concrete. However, an important limitation has recently been noted (Bažant and Baweja, 1993; . The updating based only on short time measurements of shrinkage values is not possible unless the measurements extend into rather long times, at which the shrinkage curves begins to level off on approach to the final value. The reason is the special nonlinear form of the shrinkage formulae arising from the diffusion nature of the problem. If the time range of shrinkage measurements is not sufficiently long, the problem of fitting the shrinkage formula in Eqs. (9)- (12), pp. 360, of to the measured strain values is an illposed problem. In other words, very different values of parameters m sh and~s h can give almost equally good fits of short-time data, as shown in Fig. 3 (taken from Bažant and Baweja, 1993) . This is true not only for the present model B3 formulae (which in this case are the same in the BP and BP-KX models) but also for all other shrinkage formulae, including the Ross' hyperbola used in the ACI model (this formula does not give a good shape of the shrinkage curves and disagrees with the asymptotic forms for short and long times required by the RILEM Committee Guidelines). The problem is clear from Fig. 3 in which two shrinkage curves according to the in which m sh are the values predicted from the present model B3 based on the value of~s h , and p 6 is an update parameter. Consider that values m sh i * at times t i have been measured. Let m sh i be the values predicted for these times by the present model B3. The optimum update should minimize the sum of square deviations of the updated model from the data, that is:
A necessary condition of minimum is dS/dp 6 = 0. This yields the condition i (p 0 m sh i − m sh i * )m sh i = 0. From this the value of the update parameter is calculated as:
Next consider the practical case, in which~s h is not known in advance. To circumvent the aforementioned ill-posedness of the shrinkage updating problem, the following idea was recently proposed by Bažant and by . It has been known for a long time that shrinkage strains are approximately proportional to the water loss, denoted as Dw. The water loss can be easily measured simultaneously with shrinkage tests. Now, an important point to realize is that the final value w (0) of water loss at complete drying (corresponding to zero relative humidity) is easily determined by heating the test specimen to 100°C after the conclusion of the short-time test.
Using the approximately known shape of the desorption isotherm shown in Fig. 4 , one may then estimate the final water loss Dw (h) corresponding to drying at humidity h;
This equation satisfies the condition that there is no water loss for h:0.98 (in water immersion, h=1, there is water gain). For hB 0.24, this equation is invalid, but such low humidities are usually not of interest.
Because Equations (9), (10) and (12) on p. 360 of were derived from present model or the ACI model, corresponding to very different parameter values, are shown to nearly coincide for a long period of time. If the data do not reach beyond the time at which the two curves shown in Fig. 3 begin to significantly diverge, there is no way to determine the model parameters unambiguously.
From such plots it must be concluded that a reliable determination of the final value of shrinkage would require, for 6 in. (15 cm) diameter cylinders, measurements of at least 5 years duration, which is unacceptable for a designer. Even with a 3 in. (7.5 cm) diameter cylinder, this would exceed 15 months. Increasing the temperature of the shrinkage tests to about 50°C would not shorten these times drastically and would raise further uncertainties due to the effect of temperature. A greater increase of temperature would change the shrinkage properties so much that inferences for the room temperature would become questionable. Significant acceleration of shrinkage would require reducing the thickness of the shrinkage specimen under about 1 in. (2.54 cm), but in that case the specimens would have to be saw-cut from larger specimens and the threedimensional composite interaction between the mortar matrix and the aggregate pieces will very be different from bulk concrete.
Assume first that~s h is known. The updated values of shrinkage prediction, labeled by primes, are considered as follows:
m% sh = p 6 [m sh (t, t 0 )]~s h (9) diffusion theory, assuming proportionality to water loss, the evolution of water loss with time should approximately follow the same equation as (10), p. 360 of 
Based on this value one may then use Eq. (7) to obtain the updating parameter p 6 for the shrinkage values as indicated before. An example of the updating procedure, using shrinkage data of Granger measured at LCPC for the concrete of the Civaux nuclear power plant containment, is shown in Fig. 5 .
It should be noted that although the relationship of water loss and shrinkage underlying the foregoing equations is reasonably well established and widely accepted, a direct check of this updating procedure has not yet been made. The proposed method deserves deeper accuracy evaluation.
